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a b s t r a c t
We prove that if N is an internally 4-connected proper minor of a weakly 4-connected
binary matroid M with |E(N)| ≥ 7, then either there exists a weakly 4-connected minor
M ′ ofM such thatM ′ has an N-minor and 1 ≤ |E(M)| − |E(M ′)| ≤ 2, or one ofM andM∗
is isomorphic to Dn, Dn \ f1, Dn, or Dn \ f1.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
A matroidM is said to be 4-connected up to separators of size l ifM is 3-connected and, for any 3-separation (X, Y ) ofM ,
either |X | ≤ l or |Y | ≤ l. Thus a matroidM is internally 4-connected if it is 4-connected up to separators of size 3. A matroid
M is weakly 4-connected ifM is 4-connected up to separators of size 4.
Theorem 1.1 (Main Theorem). Let M be a weakly 4-connected binary matroid and let N be an internally 4-connected proper
minor of M with |E(N)| ≥ 10. Then either
• there exists e ∈ E(M) such that M \ e or M/e is weakly 4-connected and contains an N-minor; or
• M has a 4-element 3-separating set A and there exist c, d ∈ A such that M/c \ d is weakly 4-connected and has an N-minor.
• M or M∗ is isomorphic to Dn,Dn \ f1,Dn, or Dn \ f1 where n ≥ 4 is an integer.
Let n ≥ 4 be an integer. Let An denote the following n× nmatrix over GF(2).
An :

1 1
1 1
1 · · ·
1
1 1
 .
Let ei denote the n-tuple with the ith entry 1 and all other entries 0. The matroids Dn and Dn are the binary matroids
represented by the following matrices, respectively, where the columns of each matrix are labeled by f1, f2, . . . , f3n+1, in
order.
Dn :
 1 0
In+1
In An

, Dn :
 1 en
In+1
In An

.
E-mail address: xiangqian.zhou@wright.edu.
0012-365X/$ – see front matter© 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2012.04.012
2376 X. Zhou / Discrete Mathematics 312 (2012) 2375–2387
Fig. 1. The matroids D6 and D6 .
Fig. 1 shows a geometric representation of D6 and D6, where the gray points are the elements in the basis with
respect to the above representations and the element f1 is the point at the center. Let G1 be the graph with V (G1) =
{v1, v2, . . . , vn, u, w} and E(G1) = {vivi+1, uvi, wvi|1 ≤ i ≤ n} ∪ {uw}, where vn+1 = v1. The graph G1 is also known
to be the non-planar double wheel graph. One can check that Dn ∼= M(G1), thus Dn is graphic. Let G2 be the graph obtained
from a circuit (u1, u2, . . . , un, v1, v2, . . . , vn, u1) by adding the matching {u1v1, . . . , unvn}. G2 is also known as the Möbius
ladder graph. One may check that Dn \ f1 ∼= M∗(G2), thus Dn \ f1 is cographic.
Theorem 1.1 is analogous to Seymour’s Splitter Theorem [6].
Theorem 1.2 (The Splitter Theorem). Let N be a 3-connected proper minor of a 3-connected matroid M with |E(N)| ≥ 4. If M is
neither a wheel nor a whirl, then M has a element e such that either M \ e or M/e is 3-connected and has an N-minor.
We remark that the bound |E(N)| ≥ 10 in Theorem 1.1 is only included to simplify the proof; the result holds under
the weaker assumption that |E(N)| ≥ 7: Note that if N is an internally 4-connected binary matroid with 7 ≤ |E(N)| ≤ 9,
then N is isomorphic to F7, F∗7 ,M(K3,3), orM∗(K3,3). Zhou [8] proved that ifM is an internally 4-connected binary matroid
with a proper F7-minor, then M has a minor isomorphic to one of the five internally 4-connected binary matroids, each
of which has 10 or 11 elements. Geelen and Zhou [3] proved that if M is an internally 4-connected binary matroid with a
properM(K3,3)-minor, thenM has a minor isomorphic to one of the eight internally 4-connected binary matroids and each
of which has size at least 10 and at most 14. By a straightforward finite case checking, we can prove that Theorem 1.1 holds
under the weaker assumption |E(N)| ≥ 7.
Corollary 1.3. Let N be an internally 4-connected minor of an internally 4-connected binary matroid M with |E(N)| ≥ 7. For
(N ′,M ′) ∈ {(N,M), (N∗,M∗)},
• if N ′ ∼= Dn, then Dn+1 is not a minor of M ′; and• if N ′ ∼= Dn \ f1, then Dn+1 \ f1 is not a minor of M ′; and• if N ′ ∼= Dn, then Dn+1 is not a minor of M ′; and
• if N ′ ∼= Dn \ f1, then Dn+1 \ f1 is not a minor of M ′.
Then there exists a sequence M0,M1, . . . ,Mk of weakly 4-connected matroids such that M0 ∼= N,Mk = M, and for each
i ∈ {1, 2, . . . , k},Mi−1 is a proper minor of Mi and |E(Mi−1)| ≥ |E(Mi)| − 2.
We assume the reader is familiar with matroid theory. Our notation and terminology will follow Oxley [5] with one
exception: We use si(M) and co(M) to denote the simplification and cosimplification, respectively, of a matroidM .
2. Preliminaries
Let M = (E, r) be a matroid where r is the rank function. For a set A ⊆ E(M), we let λM(A) = r(A) + r(E \ A) − r(M).
We refer to λM as the connectivity function of M . Tutte [7] proved that the connectivity function is submodular; that is, if
X, Y ⊆ E(M), then
λM(X)+ λM(Y ) ≥ λM(X ∩ Y )+ λM(X ∪ Y ).
For A, B ⊆ E(M), we let ⊓M(A, B) = r(A)+ r(B)− r(A ∪ B). The next two lemmas follow directly from the definitions.
Lemma 2.1. Let M be a matroid and let A and B be disjoint subsets of E(M). Then
λM(A ∪ B) = λM(A)+ λM(B)− ⊓M(A, B)− ⊓M∗(A, B).
Lemma 2.2. Let A, B, C be subsets of E(M). Then
⊓M(A, C)+ ⊓M(B, C) ≥ ⊓M(A ∪ B, C)+ ⊓M(A ∩ B, C).
A set A ⊆ E is said to be k-separating if λM(A) ≤ k − 1; when equality holds we say that A is exactly k-separating. The
next lemma is an easy consequence of submodularity.
Lemma 2.3. Let X and Y be k-separating sets of M. If X ∩ Y is not (k− 1)-separating in M, then X ∪ Y is k-separating in M.
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A sequence e1, e2, . . . , ei of distinct elements in E(M) is called a fan if {e1, e2, e3}, {e2, e3, e4}, . . . , {ei−2, ei−1, ei} are
alternately triangles and triads. A subset Q ⊆ E(M) is called a quad of M if Q is 4-element circuit and cocircuit of M . The
coclosure of a set X ⊆ E(M) is the closure of X inM∗. Clearly, an element x ∈ E(M) \ X belongs to the coclosure of X if and
only if x does not belong to the closure of E(M)− (X ∪{x}). A set X ⊆ E(M) is coclosed if the coclosure of X is the set X itself.
We say X is fully closed if X is both closed and coclosed.
Let (A, B) be a k-separation of thematroidM . An element x ∈ E(M) is in the guts of (A, B) if x belongs to the closure of both
A and B. Dually, x is in the coguts of (A, B) if x belongs to the coclosure of both A and B. We call (A, B) an exact k-separation if
A is exactly k-separating. The next lemma follows easily from definitions.
Lemma 2.4. Let (A, B) be an exact k-separation of matroid M and let x ∈ B. Then
• A ∪ {x} is exactly k-separating if x belongs to either the guts or the coguts of (A, B), but not both.
• A ∪ {x} is exactly (k− 1)-separating if x belongs to both the guts and the coguts of (A, B).
• A ∪ {x} is exactly (k+ 1)-separating if x belongs to neither the guts nor the coguts of (A, B).
Let x be an element of a matroidM and let (A, B) be a k-separation ofM \ x. Then x blocks (A, B) if neither (A∪ {x}, B) nor
(A, B ∪ {x}) is a k-separation ofM . Now let (A, B) be a k-separation ofM/x. Then x coblocks (A, B) if neither (A ∪ {x}, B) nor
(A, B ∪ {x}) is a k-separation ofM . The following lemma also follows easily from definitions.
Lemma 2.5. Let M be a matroid and let {A, B, {x}} be a partition of E(M). Then
• if (A, B) is an exact k-separation of M \x, then x blocks (A, B) if and only if x is not a coloop of M, x ∉ clM(A), and x ∉ clM(B).• if (A, B) is an exact k-separation of M/x, then x coblocks (A, B) if and only if x is not a loop, x ∈ clM(A), and x ∈ clM(B).
A 3-separation (X, Y ) of a matroidM is called ameaty 3-separation if |X |, |Y | ≥ 5. ThusM is weakly 4-connected if and
only ifM is 3-connected and has no meaty 3-separations. The next lemma is due to Geelen and Whittle [2, Lemma 6.1.1].
Lemma 2.6. Let T = {a, b, c} be a triangle in an internally 4-connected matroid. If (A, B) is a meaty 3-separation of M \ c with
a ∈ A, then b ∈ B. Moreover, neither a nor b is in the guts or coguts of (A, B).
Suppose that X1, X2, Y1, and Y2 are sets. The pairs (X1, Y1) and (X2, Y2) are said to cross if all the four sets X1 ∩ X2, X1 ∩
Y2, Y1 ∩ X2, and Y1 ∩ Y2 are non-empty. The next lemma is due to Coullard [1].
Lemma 2.7. Let e be an element of a 3-connected matroid M. Let (Xd, Yd) be a 3-separation of M \ e that is blocked by e, and let
(Xc, Yc) be a 3-separation of M/e that is coblocked by e. Then (Xd, Yd) and (Xc, Yc) cross. Moreover,
• one of Xd ∩ Xc and Yd ∩ Yc is 3-separating in M, and• one of Xd ∩ Yc and Yd ∩ Xc is 3-separating in M.
The next four lemmas can be found in Geelen and Zhou [3, Lemmas 3.6, 4.3, 4.4, 4.5].
Lemma 2.8. Let (A, B) be a 3-separation of a 3-connected matroid M where A is coclosed and |A| ≥ 4. If e ∈ A is in the guts of
the separation (A, B), then M \ e is 3-connected.
Lemma 2.9. Let N be an internally 4-connected minor of a binary matroid M and let (A, B) be a 3-separation of M with
|B ∩ E(N)| ≤ 3. If M ′ is a minor of M with A ⊆ E(N), E(M ′) ∩ B ≥ 4, and λM ′(X) ≥ min(2, |X |) for all X ⊆ E(M ′) ∩ B, then
M ′ has an N-minor.
Lemma 2.10. Let N be an internally 4-connected minor of a 3-connected binary matroid M and let (A, B) be a 3-separation of
M with |A|, |B| ≥ 5. If e is in the guts of (A, B), then M \ e has an N-minor.
Lemma 2.11. Let N be an internally 4-connected minor of a 3-connected binary matroid M and let (A, B) be a 3-separation of
M with |B| ≥ 5 and |E(N)∩B| ≤ 3. If A is fully closed, then there exists e ∈ B such that M \ e and M/e both contain an N-minor.
Lemma 2.12. Let N be an internally 4-connected minor of a 3-connected matroid M. If |E(M)| − |E(N)| = 1, then M is weakly
4-connected.
Proof. Suppose M is not weakly 4-connected. Let (A, B) be a meaty 3-separation of M . Since N is internally 4-connected,
either |E(N)∩A| ≤ 3 or |E(N)∩B| ≤ 3. Thus |E(N)| ≤ |E(M)|−2, contrary to the assumption that |E(M)|−|E(N)| = 1. 
A triangle ofM is called N-deletable if each of its elements can be deleted to keep an N-minor; dually a triad ofM is called
N-contractible if each of its elements can be contracted to keep an N-minor.
Lemma 2.13. Let N be an internally 4-connected minor of a 3-connected binary matroid M with |E(N)| ≥ 10. Let (X, Y ) be
a 3-separation of M with X = T1 ∪ T2, where T1 ∩ T2 = ∅, T1 is a triangle of M, and T2 is a triangle or triad of M. Then
• if T2 is a triangle of M, then T1 and T2 are both N-deletable;• if T2 is a triad and ⊓M(T1, T2) = 2, then T1 is N-deletable.
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Proof. Since |E(N)| ≥ 10 and |X | = 6, |E(N) ∩ X | ≤ 3. First assume that T2 is a triangle ofM . SinceM is binary, r(X) = 4.
Thus r∗M(X) = 4. Therefore, considering a geometric representation ofM∗, X consists of two triads spanning a common line.
Since |E(N) ∩ X | ≤ 3, Ti is an N∗-contractible triad ofM∗ for i ∈ {1, 2}. Thus, T1 and T2 are N-deletable triangles ofM .
Now assume that T2 is a triad of M and ⊓M(T1, T2) = 2. Then rM(X) = rM(T1) + rM(T2) − ⊓M(T1, T2) = 3. Therefore,
T1 ⊂ clM(T2). By Lemma 2.10, T1 is N-deletable. 
Lemma 2.14. If A is a 5-element 3-separating set of a 3-connected binary matroid, then either A is a fan or A contains a quad.
Lemma 2.15. Let N be an internally 4-connected proper minor of an internally 4-connected binary matroid M with |E(N)| ≥ 7.
Suppose that M \ e has an N-minor and A is 5-element 3-separating set of M \ e. If A is not a fan, then M has an N-deletable
triangle or an N-contractible triad.
Proof. By Lemma 2.14, A contains a quad Q . Let f ∈ A − Q . Then f is in the guts or coguts of (A, E(M) − A ∪ {e}). First
assume that f is in the guts. Since M is binary, A contains two triangles of M \ e, thus of M . Since |E(N) ∩ A| ≤ 3, both the
two triangles are N-deletable. Now assume that f is in the coguts. Then there exists a partition (Q1,Q2) of Q such that each
of Q1 ∪ {f } and Q2 ∪ {f } is an N-contractible triad ofM \ e. If neither of them is a triad ofM , then Q1 ∪ {e, f } and Q2 ∪ {e, f }
are both cocircuits ofM . SinceM is binary, Q is a cocircuit ofM , and, hence, Q is a quad ofM , contrary to the fact thatM is
internally 4-connected. 
3. The 4-connected case
In this section, we prove the following theorem.
Theorem 3.1. Let M be a 4-connected binarymatroid and let N be an internally 4-connected properminor of M with |E(N)| ≥ 7.
Then there exists e ∈ E(M) such that either M \ e or M/e is weakly 4-connected and has an N-minor.
We use the following lemma of Geelen and Whittle [2, Lemma 4.2].
Lemma 3.2. Let M be a 4-connected matroid and let e ∈ E(M). Then either M \ e or M/e is weakly 4-connected.
Proof of Theorem 3.1. SinceM andN are 3-connected, by Seymour’s Splitter Theorem, there exists e ∈ E(M) and amatroid
M ′ ∈ {M \ e,M/e} such thatM ′ is 3-connected and has an N-minor. Assume that (A, B) is a meaty 3-separation ofM ′. Since
N is internally 4-connected, we may assume that |E(N) ∩ B| ≤ 3. Consider the following cases:
Case 1: A is not fully closed.
By duality, wemay assume that f ∈ B is in the guts of (A, B). By Lemma 2.10.M ′ \ f has an N-minor, and, hence,M \ f has
an N-minor. Since f is in the guts of (A, B), (A, B\ {f }) is a 2-separation ofM ′/f . Therefore, (A, B∪{e} \ {f }) is a 3-separation
ofM/f . ThusM/f is not weakly 4-connected. By Lemma 3.2,M \ f is weakly 4-connected.
Case 2: A is fully closed.
By Lemma 2.11, there exists g ∈ B such thatM ′ \ g andM ′/g both have an N-minor. Hence bothM \ g andM/g have an
N-minor and the result follows from Lemma 3.2. 
4. Triangles in an internally 4-connected binary matroid
Geelen and Zhou [4] defined a rotor structure when they studied triangles in an internally 4-connected matroids. In this
paper, we will also need a quasi-rotor structure.
Definition 4.1. We say that (a, b, c, d, e, Ta, Tc, A, C) is a rotor ofM if a, b, c, d, and e are distinct elements ofM , Ta, Tc , and
{a, b, c} are disjoint triangles of M with d ∈ Ta and e ∈ Tc , and (A, C) is a proper partition of E(M) − (Ta ∪ Tc ∪ {a, b, c})
such that
• Ta ∪ {b, e} is 3-separating inM \ a, Ta ∪ {a} ∪ A is 3-separating inM \ b, and Tc ∪ {b, d} is 3-separating inM \ c; and• Ta is 2-separating inM \ a, b and Tc is 2-separating inM \ b, c.
We call the ordered list (a, b, c) the central triangle of the rotor (see Fig. 2).
Definition 4.2. We say that (a, b, c, d, e, Ta, Tc, A) is a quasi rotor of M if a, b, c , d, and e are distinct elements of M , Ta, Tc ,
and {a, b, c} are disjoint triangles ofM with d ∈ Ta and e ∈ Tc , and E(M) = Ta ∪ Tc ∪ {a, b, c} ∪ A such that
• Ta ∪ {b, e} is 3-separating inM \ a and Tc ∪ {b, d} is 3-separating inM \ c; and• Ta is 2-separating inM \ a, b and Tc is 2-separating inM \ b, c.
We call the ordered list (a, b, c) the central triangle of the quasi rotor.
Geelen and Zhou [4] proved that a rotor satisfies some additional properties. It is not difficult to see that a quasi rotor
also satisfies these properties.
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Fig. 2. A rotor and a quasi rotor with central triangle (a, b, c).
Lemma 4.3. Let M be an internally 4-connected matroid with |E(M)| ≥ 13. If (a, b, c, d, e, Ta, Tc, A, C) (resp. (a, b, c, d, e,
Ta, Tc, A)) is a rotor (resp. a quasi rotor) of M, then
• λM(Ta ∪ Tc ∪ {a, b, c}) = 3;
• There exists a cocircuit C∗ of M with C∗ ⊆ Ta ∪ {a, b}; and
• rM(Ta ∪ Tc ∪ {a, b, c}) = 5.
The following is the main theorem of this section.
Theorem 4.4. Let T be a triangle of an internally 4-connected binary matroid M with |E(M)| ≥ 13. Then either
• An ordering of T is the central triangle of a rotor; or
• There exists x ∈ T such that M \ x is weakly 4-connected.
The results below are subject to the following hypothesis. Most of the proofs can be found in [4].
Hypothesis 4.5. Let M be an internally 4-connected binary matroid with |E(M)| ≥ 13, let T = {a, b, c} be a triangle in M ,
and let (Ab, Ac), (Ba, Bc), and (Ca, Cb) be meaty 3-separations of M \ a,M \ b, and M \ c , respectively, where a is in Ba and
Ca, b is in Ab and Cb, and c is in Ac and Bc .
Note that, 4.5.1–4.5.9 shows the interactions between the 3-separations (Ab, Ac) inM \ a and (Ba, Bc) inM \ b. Evidently
similar results hold for any two of a, b, and c .
4.5.1. λM(Ab ∩ Bc) = λM\a,b(Ab ∩ Bc).
4.5.2. λM(Ac ∩ Bc) = λM\a,b(Ac ∩ Bc).
4.5.3. If |Ab ∩ Bc | ≥ 2, then Ac ∩ Ba is 3-separating in M and |Ac ∩ Ba| ≤ 3.
4.5.4. If |Ac ∩ Bc | ≥ 2, then Ab ∩ Ba is 3-separating in M \ a, b.
4.5.5. If Ab ∩ Ba is not 2-separating in M \ a, b, then Ac ∩ Bc is 3-separating in M, thus |Ac ∩ Bc | ≤ 3.
Note thatM \ a, b need not be 3-connected (for example, in a rotorM \ a, b is not 3-connected).
4.5.6. Suppose that Ab ∩ Ba is 2-separating in M \ a, b and that |Ab ∩ Ba| ≥ 2. Then |Ab ∩ Ba| ≤ 3 and both of Ab ∩ Ba ∩ Ca and
Ab ∩ Ba ∩ Cb are nonempty. Moreover, if |Ab ∩ Ba| = 3 and |Ab ∩ Ba ∩ Cb| = 1, then Ab ∩ Ba is a triangle of M, |Cb| = 5, and
λM(Ba ∩ Cb) ≥ min(3, |Ba ∩ Cb|).
4.5.7. |Ab ∩ Ba|, |Ab ∩ Bc |, |Ac ∩ Ba| ≥ 1 and |Ac ∩ Bc | ≥ 2.
4.5.8. If |Ab ∩ Bc | = 1 or |Ac ∩ Ba| = 1, then Ab ∩ Ba is a triangle of M and is 2-separating in M \ a, b.
4.5.9. If Ac ∩ Bc is 3-separating in M and has size 3, then |Ac ∩ Bc ∩ Ca| = 1 and |Ac ∩ Bc ∩ Cb| = 1.
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Geelen and Zhou [4] introduced the following notation to keep track of symmetries.
S0 := Ab ∩ Bc ∩ Ca, S1 := Ac ∩ Ba ∩ Cb
S0a := Ab ∩ Ba ∩ Ca, S1a := Ac ∩ Ba ∩ Ca
S0b := Ab ∩ Bc ∩ Cb, S1b := Ab ∩ Ba ∩ Cb
S0c := Ac ∩ Bc ∩ Ca, S1c := Ac ∩ Bc ∩ Cb.
The above eight sets together with the set {a, b, c} partition E(M). Fig. 4 in [4] reveals the various symmetries induced by
permutations of {a, b, c}. The results below are subject to the following hypotheses.
Hypothesis 4.6. In addition to Hypothesis 4.5 we assume that no ordering of T is the central triangle in a rotor.
The proofs for 4.6.1–4.6.3 are similar to the proofs given in [4]; except that we restrict to the class of binary matroids,
thus we can get rid of the cases that do not occur in binary matroids.
4.6.1. |S0a | ≤ 1 or |S1c | ≤ 1.
4.6.2. There exists α ∈ {a, b, c} such that |S0α| ≤ 1.
Proof. Suppose that |S0α| ≥ 2 for each α ∈ {a, b, c}. By 4.5.9, λM(Ac ∩ Bc) ≥ 3. Let T ′a = Bc ∩ Cb, T ′b = Ac ∩ Ca, and
T ′c = Ab∩Ba. Then, by 4.5.5 and 4.5.6, T ′c is a triangle and is 2-separating inM \a, b. By symmetry, T ′b and T ′a are also triangles
and λM\a,c(T ′b) = λM\b,c(T ′a) = 1. From 4.5.6 we also see that |S0a | = 2, |S1b | = 1, and |Cb| = 5. By symmetry, |S0α| = 2 and
|S1α| = 1 for each α ∈ {a, b, c}, and |Ac | = |Ba| = |Cb| = 5. Since |Cb| = 5, the set S1 is empty. Let ea ∈ S1a , eb ∈ S1b , and
ec ∈ S1c . SinceM is binary, each of Ac, Ba, and Cb is a rank-3 5-element fan ofM \a,M \b, andM \ c , respectively. This readily
implies that T ′a∩clM(T ′c∪{b}) ≠ ∅. Therefore,we obtain a rotor (a, b, c, eb, d, T ′c, T ′a, {ea}, S0∪S0c )where d ∈ T ′a∩clM(T ′c∪{b}),
contrary to Hypothesis 4.6. 
4.6.3. |Ac ∩ Ba| ≥ 2.
Proof. By 4.5.7, we have |Ac ∩ Ba| ≥ 1; suppose that |Ac ∩ Ba| = 1. Since |Ac | ≥ 5 and |Ba| ≥ 5, we have |Ab ∩ Ba| ≥ 3
and |Ac ∩ Bc | ≥ 4. Then, by 4.5.5 and 4.5.6, Ab ∩ Ba is a triangle inM and is 2-separating inM \ a, b, and |S0a |, |S1b | ≥ 1. We
consider the following two cases separately.
Case 1. |S0a | = 1 and |S1b | = 2.
Since |Ca| ≥ 5 and |S1a | ≤ |Ac ∩ Ba| = 1, we have |Bc ∩ Ca| ≥ 2. Then, by 4.5.3 and symmetry, Ba ∩ Cb is 3-separating.
However S1b is a 2-element set that is in the triangle Ab ∩ Ba, so, sinceM is internally 4-connected, we have |S1| = 0. Then,
since |Ac ∩Ba| = 1, we have |S1a | = 1. By 4.6.1 and symmetry, wemay assume that |S0c | ≤ 1. Since |Ca| ≥ 5, we have S0 ≠ ∅.
Claim. Ba ∩ Ca is a triangle ofM .
Subproof. Suppose that Ba ∩ Ca is not a triangle. Since Ab ∩ Ba is a triangle, Ba ∩ Ca is not a triad and, hence, λM(Ba ∩ Ca) ≥ 3.
Then, by 4.5.5 and symmetry, λM\b,c(Bc ∩ Cb) = 1. Now since |Ac | ≥ 5, we have |S1c | ≥ 2. Then, by 4.5.6 and symmetry,
|S0b | = 1 and |Ab| = 5, which is not possible. 
By 4.5.6, we have |Ca| = 5 and, hence, |S0| + |S0c | = 2. This gives the following two subcases.
Case 1.1. |S0| = 2 and |S0c | = 0.
Since |Ac | ≥ 5, we have |S1c | ≥ 3. By 4.5.3 and symmetry, Ab ∩ Ca is 3-separating inM , hence is a triangle ofM . Now, by
4.5.6, the triangle Ab ∩ Ba is 2-separating inM \ a, b. However, since Ab ∩ Ca is a triangle, S1b is 2-separating inM \ a, b. Then,
since Ba ∩ Ca and {a, b, c} are triangles, S1b is 2-separating inM , contradicting the fact thatM is 3-connected.
Case 1.2. |S0| = |S0c | = 1.
Let w, x, y, and z denote the elements in S0a , S
1
a , S
0
c , and S
0 respectively. Note that, since M is binary, w is in the guts of
(Ca, Cb), and a is in the coguts of (Ca \ {w}, Cb ∪ {w}), {x, y, z} is a triangle. Therefore, we have a rotor (b, a, c, w, z, Ab ∩
Ba, {x, y, z}, S0b , S1c ).
Case 2. |S0a | = 2 and |S1b | = 1.
By 4.6.1, we may assume that |S1c | ≤ 1. Therefore, since |Ac ∩ Bc | ≥ 4, we have |S0c | ≥ 2. Then, by 4.6.2, we may assume
that |S0b | ≤ 1. However |Cb| ≥ 5, so we have |S0b | = 1, |S1c | = 1, and |S1| = 1. Since |Ac ∩ Ba| = 1, we have |S1a | = 0. Note
that |Ac ∩ Cb| = 2, so, by 4.5.3 and symmetry, Ab ∩ Ca is 3-separating. However S0a is a 2-element set that is in a triangle
Ab ∩ Ba, so, since M is internally 4-connected, we have |S0| = 0. Thus |Ab ∩ Bc | = 1 and, up to symmetry, we are back in
Case 1. 
The proof of the next result can again be found in [4].
4.6.4. |S0| = |S1| = 1, |S iα| ∈ {1, 2} for each i ∈ {0, 1} and α ∈ {a, b, c}, and |S ia| + |S ib| + |S ic | ≤ 4 for i ∈ {0, 1}.
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Nowwe are ready to complete the proof of Theorem 4.4. Since |E(M)| ≥ 13, by 4.6.1 and 4.6.4, |E(M)| = 13 and exactly
two of S iα have size 2. By symmetry, there are two cases.
Case 1: |S0a | = |S1a | = 2.
Note that each of Ab ∩ Cb and Ac ∩ Bc is a triangle ofM . (As otherwise, both Ac ∩ Ba and Ac ∩ Ca are triangle or triad ofM ,
contrary to the fact thatM is internally 4-connected.) Also note that S0b∪S1c ∪{b} is a triad ofM\c. Letβ ∈ S1, b1 ∈ S1b , b0 ∈ S0b ,
and c0 ∈ S0c . Then β is in the guts or coguts of (Ca, Cb) and Cb \ {β} is a 4-element fan. Now if β is in the coguts, then since
M is internally 4-connected, {b, b1, β} is a triad ofM \ c , and hence, Ba ∩ Cb is 2-separating inM \ b, c , a contraction. Now
assume that β is in the guts. SinceM is binary, Cb is a rank-3 5-element fan, and either {b, c1, β} or {b0, c1, β} is a triangle.
The former is not possible since b is not in the guts of (Ab, Ac). In the latter case, by replacing (Ba, Bc) by (Ba \ {β}, Bc ∪ {β}),
we see that (a, b, c) is the central triangle of a rotor by 4.6.1.
Case 2: |S0a | = |S1b | = 2.
In this case, it is easy to see that Ac ∩ Bc is a triangle. Moreover, a similar argument as in Case 1 shows that Ab ∩ Ca and
Ba∩Cb are both triangles ofM . SinceM is binary, each of Ac and Bc is a rank-3 5-element fan ofM \ a andM \b, respectively.
Now it is clear that (a, c, b) is the central triangle of a rotor.
5. Quasi rotors in internally 4-connected binary matroids
In this section we prove the following theorem.
Theorem 5.1. Let N be an internally 4-connected properminor of an internally 4-connected binarymatroidM with |E(N)| ≥ 10.
Then
• there exists e ∈ E(M) such that M \ e or M/e is weakly 4-connected and has an N-minor; or
• M has an N-deletable triangle or an N-contractible triad; or
• M has a triangle {a, b, c} such that a and b are N-deletable and (a, c, b) is the central triangle of a quasi rotor in M; or
• M∗ has a triangle {a, b, c} such that a and b are N∗-deletable and (a, c, b) is the central triangle of a quasi rotor in M∗.
Note that if |E(M)| ≤ |E(N)| + 2, then Theorem 5.1 is an immediate consequence of Theorem 1.2 and Lemma 2.12. So
we may assume that |E(M)| ≥ |E(N)| + 3 ≥ 13. The results below are subject to the following hypothesis.
Hypothesis 5.2. Let N be an internally 4-connected minor of an internally 4-connected binary matroidM with |E(N)| ≥ 10
and |E(M)| ≥ |E(N)| + 3.
We require the following result of Geelen and Zhou [3, Theorem 5.1].
Lemma 5.3. There exists e ∈ E(M) such that M \ e or M/e is 4-connected up to separators of size 5 and has an N-minor.
We now prove a lemma under the conditions of Hypothesis 5.2 as a step in proving Theorem 5.1.
Lemma 5.4. Subject to Hypothesis 5.2, either
• There exists e ∈ E(M) such that M \ e or M/e is weakly 4-connected and has an N-minor; or
• M has a triangle T such that at least two of its elements can be deleted to keep an N-minor; or
• M has a triad T ∗ such that at least two of its elements can be contracted to keep an N-minor.
Proof. By Lemma 5.3 and duality, wemay assume that there exists e ∈ E(M) such thatM \e is 4-connected up to separators
of size 5 and has an N-minor. Let A be a 5-element 3-separating set of M \ e. Since |E(M \ e)| ≥ 12, A is fully-closed. By
Lemma 2.15, we may assume that A = {a1, a2, a3, a4, a5} is a fan. Consider the following two cases.
Case 1: rM(A) = 3.
Then {a1, a2, a3} and {a3, a4, a5} are triangles and {a2, a3, a4} is a triad. By Lemma 2.10,M \ a1 has an N-minor. Assume
thatM \ a1 is not weakly 4-connected. Let (X, Y ) be a meaty 3-separation ofM \ a1 with a2 ∈ X . Since a1 ∉ clM(X), a3 ∈ Y .
By Lemma 2.6, neither a2 nor a3 is in the coguts of (X, Y ). Thus |{a4, e}∩X | = 1. Note that, if a4 ∈ X , then a5 ∈ Y , and hence,
a4 is in the guts of (X, Y ); by Lemma 2.10, the triangle {a3, a4, a5} contains two N-deletable elements. So we may assume
that a4 ∈ Y and e ∈ X . Note that a4 ∉ clM(X) as otherwise the triangle {a3, a4, a5} is as required.
Claim 1: a5 ∉ clM(X).
Subproof. Suppose that a5 ∈ clM(X). Then X ∪ {a4} is 4-separating in M \ a1 and a3 is in both the guts and coguts of
(X ∪ {a4}, Y \ {a4}). Therefore Y \ {a3, a4} is 3-separating in M \ a1, thus in M . Since M is internally 4-connected, we
have |Y | = 5. Since {e, a2, a3, a4} is a cocircuit, Y does not contain a triangle containing either a3 or a4 except possibly the
triangle {a3, a4, a5}. If a5 ∈ X , then by Lemma 2.14 and the fact that a3 is not in the coguts of (X, Y ), Y consists of a quad
and one element in the coguts. So both a3 and a4 are N-contractible and hence, {a3, a4, a5} is an N-deletable triangle. Now
if a5 ∈ Y , then Y \ a5 is a quad ofM , and hence, {a3, a4, a5} is an N-deletable triangle. 
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Now let X ′ = X \{a2, e} and Y ′ = Y \{a3, a4}. Thenwe have⊓M(X ′, {a1, a5}) = 0 and⊓M(Y ′, {a1, a5}) = 1. By Lemma 2.2,
⊓M(X ′ ∪ Y ′, {a1, a5}) = ⊓M(X ′ ∪ Y ′, {a1, a5})+ ⊓M(X ′ ∩ Y ′, {a1, a5})
≤ ⊓M(X ′, {a1, a5})+ ⊓M(Y ′, {a1, a5}) = 1.
Thus a1 ∉ clM(X ′ ∪ Y ′). Hence a1 ∈ cl∗M({a2, a3, a4, e}). Now rM(A ∪ {e}) = 4 and r∗M(A ∪ {e}) = 4, and, hence, A ∪ {e} is
3-separating inM . SinceM is internally 4-connected, |E(M)| ≤ 9, a contradiction.
Case 2: rM(A) = 4.
Then {a1, a2, a3} and {a3, a4, a5} are triads of M \ e and {a2, a3, a4} is a triangle of M . Since e blocks the separation
(A, E(M) \ (A ∪ {e})) andM is binary, {a1, a2, a3, e} and {a3, a4, a5, e} are both cocircuits ofM . By Lemma 2.10 and duality,
M/a1 has an N-minor. Thus every triangle ofM containing a1 has at least two N-deletable elements. So wemay assume that
a1 does not belong to any triangle ofM , and, hence,M/a1 is 3-connected. Assume thatM/a1 is not weakly 4-connected. Let
(X, Y ) be ameaty 3-separation ofM/a1 with a2 ∈ X . Since a1 ∉ cl∗M(X) and a1 ∉ cl∗M(Y ), {a3, e}∩Y ≠ ∅ and {a4, a5}∩Y ≠ ∅.
Claim 2: {a3, e} ∩ X ≠ ∅ and {a4, a5} ∩ X ≠ ∅.
Subproof. Suppose that {a3, e} ⊆ Y . Then a4 ∈ X as otherwise X \ {a2} is 3-separating in M \ a2 and in M , contrary to the
fact thatM is internally 4-connected. So we have a5 ∈ Y . Now a4 is in the coguts (X, Y ). By Lemma 2.10 and duality,M/a4
has an N-minor. The triangle {a2, a3, a4} is as required. Similarly we can show that {a4, a5} ∩ X ≠ ∅. 
Claim 3: a3 ∈ X and e ∈ Y .
Subproof. Suppose that a3 ∈ Y and e ∈ X . Then a4 ∈ Y and a5 ∈ X as otherwise Y \ {a3} is 3-separating in M/a1 and in
M , contrary to the fact that M is internally 4-connected. Now X ∪ {a3} is 4-separating in M/a1 and a4 ∈ clM(X ∪ {a3}) ∩
cl∗M\e(X ∪ {a3}). Thus Y \ {a3, a4} is 3-separating in M/a1 and in M . Hence |Y | = 5. Note that Y does not contain a triangle
of M/a1 containing a3 or a4. Since M is internally 4-connected, no triad of M contains a3 or a4. Since M is binary, Y is not
3-separating inM/a1, a contradiction. 
Claim 4: a4 ∈ X and a5 ∈ Y .
Subproof. Suppose that a4 ∈ Y and a5 ∈ X . Then X ∪ {a4} is 3-separating in M/a1 and in M , contrary to the fact that M is
internally 4-connected. 
Note that (X, Y \ {e}) is a 3-separation ofM/a1 \ e. Since a1 ∈ cl∗M\e(X), (X ∪{a1}, Y \ {e}) is a 3-separation ofM \ e. Since
M \ e is 4-connected up to separators of size 5 and |X | ≥ 5, |Y \ {e}| ≤ 5. Thus |Y | ≤ 6.
First assume that |Y | = 5. Then Y \ {e} is a 4-element fan of M \ e and Y \ {a5, e} is a triangle of M . Note that neither
a5 nor e is in the guts or coguts of the 3-separation (X, Y ) of M/a1. By Lemma 2.14, Y contains a quad and rM/a1(Y ) = 3.
Therefore Y \ {a5, e} is an N-deletable triangle.
Now assume that |Y | = 6. Then Y \{e} is a 5-element 3-separating set ofM \e and a5 is in the coguts of (X ∪{a1}, Y \{e})
inM \e. By Lemma 2.15, Y \{e} is a fan and rM(Y \{e}) = 4. Let Y \{e} = {a5, a6, a7, a8, a9}where {a5, a6, a7} and {a7, a8, a9}
are triads of M \ e and {a6, a7, a8} is a triangle of M . Since M is binary and e blocks (X ∪ {a1}, Y \ {e}), both {a5, a6, a7, e}
and {a7, a8, a9, e} are cocircuits of M . Since a1 ∈ clM(Y ), there exists a circuit C of M with a1 ∈ C ⊆ Y ∪ {a1}. Note that
e, a5 ∈ C . Since M is binary, either {a6, a7} ⊂ C or {a6, a7} ∩ C = ∅. By possibly taking the symmetric difference with
{a6, a7, a8}, we may assume that {a6, a7} ∩ C = ∅. Note that exactly one of a8 and a9 belongs to C . If C = {a1, a5, a8, e}, then
{a1, a5, a6, a7, e} is also a circuit of M , so {a5, a6, a7, e} is a quad in M/a1, and hence, {a6, a7, a8} is an N-deletable triangle
of M; if C = {a1, a5, a9, e}, then Y consists of two disjoint triangles of M/a1, by Lemma 2.13, {a6, a7, a8} is an N-deletable
triangle ofM . This completes the proof of Lemma 5.4. 
Hypothesis 5.5. In addition to Hypothesis 5.2, we assume that M contains no N-deletable triangle or N-contractible triad,
and there exists no e ∈ E(M) such thatM\e orM/e isweakly 4-connected andhas anN-minor.Moreover,we let T = {a, b, c}
be a triangle ofM such thatM \ a andM \ b have an N-minor, and let (Ab, Ac) and (Ba, Bc) be meaty 3-separations ofM \ a
andM \ b, respectively, where a ∈ Ba, b ∈ Ab, and c ∈ Ac ∩ Bc .
Lemma 5.6. Subject to Hypothesis 5.5, if |E(N) ∩ Ac | ≤ 3 and |E(N) ∩ Bc | ≤ 3, then an ordering of T is the central triangle of
a quasi rotor in M.
Proof. Since |E(N)| ≥ 10, |Ab|, |Ba| ≥ 7.
5.6.1. Each of Ab ∩ Bc, Ac ∩ Ba, and Ac ∩ Bc is 3-separating in M and has size 2 or 3.
Proof. First assume that |Ab ∩ Bc | ≤ 1. Since |Ab| ≥ 7, |Ab ∩ Ba| ≥ 5. By 4.5.5 and 4.5.6, |Ac ∩ Bc | ≤ 3, and, hence |Bc | ≤ 4, a
contradiction. So |Ab∩Bc | ≥ 2. By symmetry |Ac ∩Ba| ≥ 2. By 4.5.3 and symmetry, each of Ab∩Bc and Ac ∩Ba is 3-separating
inM and has size 2 or 3.
Since |Bc | ≥ 5, |Ac ∩ Bc | ≥ 2. So it suffices to show that Ac ∩ Bc is 3-separating in M . Suppose this is not the case.
Since |Ab| ≥ 7, |Ab ∩ Ba| ≥ 3. By 4.5.5 and 4.5.6, Ab ∩ Ba is a 2-separating triangle in M \ a, b. Note that (Ab ∩ Ba) ∪ {b}
is a 4-element fan of M \ a. Since N is internally 4-connected, |E(N) ∩ ((Ab ∩ Ba) ∪ {b})| ≤ 3. Since |Ab ∩ Bc | ≤ 3 and
|E(N) ∩ Ac | ≤ 3, |E(N)| ≤ 9, contrary to the assumption that |E(N)| ≥ 10. 
5.6.2. |Ac ∩ Bc | = 3.
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Proof. Suppose that |Ac ∩ Bc | = 2. Then each of Ab ∩ Bc and Ac ∩ Ba is a triangle or triad of M . By Lemma 2.15, each of Ac
and Bc is a fan of M \ a and M \ b, respectively. First assume that Ab ∩ Bc is a triad of M . By Lemma 2.6, c is not in the guts
or coguts of (Ba, Bc). Therefore, rM(Bc) = 4 and there exists x, y ∈ Ab ∩ Bc such that {x, y, c} is a triangle ofM . Hence c is in
the guts of (Ab, Ac), a contradiction. By symmetry, we may assume that Ac ∩ Ba is not a triad. So both Ab ∩ Bc and Ac ∩ Ba are
triangles of M . Let Ac ∩ Bc = {c, c1}. Since c is not in the guts or the coguts of (Ab, Ac) and (Ba, Bc), rM(Ac) = rM(Bc) = 3,
and hence, there exists x ∈ Ab ∩ Bc and y ∈ Ac ∩ Ba such that {c, c1, x} and {c, c1, y} are both triangles ofM , contrary to the
fact thatM is simple and binary. 
By 5.6.1 and 5.6.2, Ac ∩ Bc is a triangle of M . By Lemma 2.13, both Ab ∩ Bc and Ac ∩ Ba have size 2. Hence Ac and Bc are
5-element 3-separating sets inM \ a andM \ b, respectively. By Lemma 2.15, each of Ac and Bc is a fan inM \ a andM \ b,
respectively.
5.6.3. rM(Ac) = rM(Bc).
Proof. By symmetry, we assume that rM(Ac) = 3 and rM(Bc) = 4. Then M has a triangle T ′ with Ac ∩ Ba ⊂ T ′ and
|T ′ ∩ Ac ∩ Bc | = 1. Let p ∈ T ′ ∩ Ac ∩ Bc . Since b blocks (Ba, Bc) and Bc is a rank-4 fan, there exists a cocircuit C∗p of M
with p ∈ C∗p ⊆ Bc ∪ {b}. Hence |C∗p ∩ T ′| = 1, a contradiction. 
Note that if rM(Ac) = rM(Bc) = 3, then let Ac ∩ Bc = {d, c, e}where (Ac ∩ Ba)∪ {d} and (Ab ∩ Bc)∪ {e} are both triangles
ofM . Let Ta = (Ac ∩ Ba) ∪ {d}, Tb = (Ab ∩ Bc) ∪ {e}, and A = Ab ∩ Ba. Then it is easily verified that (a, c, b, d, e, Ta, Tb, A) is
a quasi rotor inM .
So wemay assume that rM(Ac) = rM(Bc) = 4. Let Ac∩Ba = {a1, a2}, Bc∩Ab = {b1, b2} and Ac∩Bc = {c, c1, c2}, such that
for i = 1, 2, {ai, ci, a, c} and {bi, ci, b, c} are cocircuits ofM . By Lemma 2.10 and duality,M/a1 has anN-minor. Nowwe show
thatM/a1 is weakly 4-connected. SinceM is binary, {a1, a2, c1, c2}, {b1, b2, c1, c2}, {a1, a2, b1, b2}, and {ai, bi, a, b} (i = 1, 2)
are all cocircuits of M . Suppose that M has a triangle T ′ containing a1. Since M is binary and a ∉ clM(Ac), T ′ = {a1, c1, b1}.
Thus the set {a1, b1, c1, a, b, c} is 3-separating inM , contrary to the fact thatM is internally 4-connected and |E(M)| ≥ 13.
So no triangle of M contains a1 and hence, M/a1 is 3-connected. Let (X, Y ) be a meaty 3-separation of M/a1 with c1 ∈ X .
We have the following two cases.
Case 1: c2 ∈ X .
SinceM \ c has no N-minor by assumption, c is not in the guts of (X, Y ). So c ∈ X . Since a1 ∉ cl∗M(X), a, a2 ∈ Y . This in
turn implies that b ∈ X . Now (X ∪ {a}, Y \ {a}) is a 3-separation ofM/a1 and a1 ∈ cl∗(X ∪ {a}). Hence (X ∪ {a}, Y \ {a}) is a
3-separation ofM , contrary to the fact thatM is internally 4-connected.
Case 2: c2 ∈ Y .
First assume that a ∈ X . Since a1 ∉ cl∗M(X), c ∈ Y . SinceM/a has no N-minor, a is not in the coguts of (X, Y ), and hence,
a2 ∈ X . Since c is not in the guts of (X, Y ), b ∈ Y . Since M/a1 is 3-connected, c1 is not in the coguts of (X, Y ). So b1 ∈ X .
Since (X \ {a, c1}, Y ∪ {a, c1}) is a 3-separation of M/a1 and a1 ∈ cl∗M(Y ∪ {a, c1}), X \ {a, c1} is 3-separating in M . Hence|X | = 5. By Lemma 2.14, X is a fan. Since a and c1 are both in the guts of (X, Y ), rM/a1(X) = 3. So we have
rM({a, a1, a2, b1, c1}) ≤ rM(X ∪ {a1}) ≤ 4.
Thus rM(Ac ∪ Bc ∪ {a, b}) ≤ 6. Note that r∗M(Ac ∩ Bc ∪ {a, b}) ≤ 5. Therefore, Ac ∪ Bc ∪ {a, b} is 3-separating in M . Hence|E(M)| ≤ 12, contrary to the assumption that |E(M)| ≥ 13.
Now assume that a ∈ Y . Then c ∈ X as otherwise (X \ {c1}, Y ∪ {c1}) is a 3-separation ofM/a1 and a1 does not coblock
it. Since c is not in the guts of (X, Y ), b ∈ X . Now (X ∪ {a}, Y \ {a}) is a 3-separation of M/a1 and a1 does not coblock it, a
contradiction. This completes the proof of Lemma 5.6. 
Hypothesis 5.7. In addition to Hypothesis 5.5, we assume that at least one of E(N)∩Ab and E(N)∩Ba has size at most three.
5.7.1. None of Ab ∩ Ba, Ac ∩ Ba and Ab ∩ Bc is empty.
Proof. First assume that Ab ∩ Ba = ∅. Then |Ac ∩ Ba| ≥ 4 and |Ab ∩ Bc | ≥ 4, contrary to 4.5.3. Next assume that Ab ∩ Bc = ∅.
Then |Ab ∩ Ba| ≥ 4. By 4.5.5 and 4.5.6, |Ac ∩ Bc | ≤ 3, thus |Bc | ≤ 3, a contradiction. So Ab ∩ Bc ≠ ∅. By symmetry,
Ac ∩ Ba ≠ ∅. 
5.7.2. One of the following holds.
• Either |Ab ∩ Bc | = 1 or |Ac ∩ Ba| = 1; or• |E(N) ∩ Ab| ≤ 3 and |E(N) ∩ Ba| ≤ 3.
Proof. Suppose that |Ab ∩ Bc | ≥ 2 and |Ac ∩ Ba| ≥ 2. By 4.5.3, |Ab ∩ Bc |, |Ac ∩ Ba| ≤ 3. Since |E(N)| ≥ 10, one of |E(N)∩ Ac |
and |E(N) ∩ Bc | is at least 7. Hence |Ac ∩ Bc | ≥ 4. By 4.5.5 and 4.5.6, Ab ∩ Ba is 2-separating in M \ a, b and has size at
most 3. Note that if |Ab ∩ Ba| ≤ 2, then |Ab|, |Ba| ≤ 6. Since |E(N)| ≥ 10, |E(N) ∩ Ab| ≤ 3 and |E(N) ∩ Ba| ≤ 3. So we
may assume that |Ab ∩ Ba| = 3. Since Ab ∩ Ba is 2-separating in M \ a, b, (Ab ∩ Ba) ∪ {a} is 3-separating in M \ b. Thus
|E(N) ∩ ((Ab ∩ Ba) ∪ {a})| ≤ 3. So |E(N) ∩ Ba| ≤ 6. Since |E(N)| ≥ 10, |E(N) ∩ Ba| ≤ 3. By symmetry between a and
b, |E(N) ∩ Ab| ≤ 3. 
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The proof for the next result is straightforward, thus omitted.
5.7.3. If |Ac ∩ Ba| = 1, then Ab ∩ Ba is a triangle of M and λM\a,b(Ab ∩ Ba) = 1. Moreover, Ba is a rank-3 5-element fan.
5.7.4. If |E(N) ∩ Ab| ≤ 3, |E(N) ∩ Ba| ≤ 3, |Ab ∩ Bc | ≥ 2, and |Ac ∩ Ba| ≥ 2, then |Ab ∩ Ba| = |Ab ∩ Bc | = |Ac ∩ Ba| = 2, and
each of Ab and Ba is a rank-3 5-element fan; moreover, a (resp. b) is in two triangles of Ba (resp. Ab).
Proof. By 4.5.3, |Ab ∩ Bc |, |Ac ∩ Ba| ≤ 3. Since |E(N)| ≥ 10, |Ac ∩ Bc | ≥ 4. By 4.5.5 and 4.5.6, λM\a,b(Ab ∩ Ba) = 1 and
|Ab ∩ Ba| ≤ 3.
Claim 1: |Ab ∩ Ba| ≥ 2.
Subproof. Since |Ab| ≥ 5, |Ab ∩ Ba| ≥ 1. Suppose that |Ab ∩ Ba| = 1. Then each of Ab ∩ Bc and Ac ∩ Ba is a triangle or a triad
of M . First assume that Ab ∩ Bc is a triangle of M . By Lemmas 2.6 and 2.15, rM(Ab) = 3 and λM\a,b(Ab ∩ Bc) = 1. By 4.5.1,
λM(Ab ∩ Bc) = 1, contrary to the fact thatM is 3-connected. Now assume that Ab ∩ Bc is a triad ofM . SinceM is internally
4-connected, Ab ∩ Bc is closed in M , thus in M \ a. Therefore Ab is not a fan, by Lemma 2.15, M has an N-deletable triangle
or an N-contractible triad, contrary to Hypothesis 5.7. 
By Claim 1, there exist g, f ∈ Ab ∩ Ba such that {g, f } is a series pair of M \ a, b. Then {a, b, g, f } is a cocircuit of M . Let
S = Ab ∩ Ba, let Ta = Ac ∩ Ba and let Tb = Ab ∩ Bc .
Claim 2: |S| = 2.
Proof. Suppose that S = {g, f , k}. Then S is a triangle ofM and S is 2-separating inM\a, b. So co(M\a, b) is not 3-connected.
By Bixby’s Lemma, si(M \ b/a) is 3-connected. Since {a, g, f } is a triad of M \ b and M is binary, at most two triangles of
M \ b contain a. If there are two such triangles, say {a, g, p} and {a, f , q}, then by Lemma 2.10, {k, p, q} is an N-deletable
triangle ofM . Hence we may assume that there is at most one triangle ofM \ b that contains a. So E(si(M \ b/a)) ∩ Ba ≥ 4.
By Lemma 2.9, si(M \ b/a) has an N-minor. Thus a is N-contractible. This implies that c is N-deletable. Therefore, {a, b, c} is
an N-deletable triangle inM , contrary to Hypothesis 5.7. 
By Lemma 2.1,
λM\b(S ∪ {a})+ λM\b(Ta)− ⊓M\b(S ∪ {a}, Ta)− ⊓∗M\b(S ∪ {a}, Ta) = 2.
Since λM\b(S ∪ {a}) = λM\b(Ta) = 2,
⊓M\b(S ∪ {a}, Ta)+ ⊓∗M\b(S ∪ {a}, Ta) = 2.
Note that a ∈ cl∗M\b(S). So
⊓∗M\b(S ∪ {a}, Ta) = ⊓∗M\b(S, Ta).
Since {a, b, c} is a triangle, b ∉ cl∗M(S ∪ Ta). Therefore,
⊓∗M\b(S, Ta) = ⊓∗M(S, Ta).
Claim 3: |Ta| = 2.
Proof. Suppose that |Ta| = 3. Then Ta is a triangle or a triad ofM . SinceM has noN-contractible triad orN-deletable triangle,
by Lemma 2.13, Ta is a triangle ofM and ⊓M\b(S ∪ {a}, Ta) ≠ 2. Let Ta = {p, q, r}.
First assume that ⊓M\b(S ∪ {a}, Ta) = 0. Then ⊓∗M\b(S ∪ {a}, Ta) = 2. So ⊓∗M(S, Ta) = 2. Each of S and Ta is 3-separating
inM . By Lemma 2.1, S ∪ Ta is 3-separating inM , contrary to the fact thatM is internally 4-connected.
So wemay assume that⊓M\b(S∪{a}, Ta) = ⊓∗M\b(S∪{a}, Ta) = 1. Then⊓∗M(S, Ta) = 1. Therefore, there exists a cocircuit
C∗ of M with C∗ ⊆ S ∪ Ta. Since M is internally 4-connected and Ta is a triangle, |C∗| ≥ 4. Since M is binary, |C∗| = 4 and
|C∗∩Ta| = 2. Hence {g, f } ⊂ C∗. So the symmetric difference {a, b, g, f }△C∗ is a cocircuit ofM , and hence, Ta is 2-separating
inM \ a, b, thus inM , a contradiction. 
By Claim 3 and symmetry, we have |Tb| = 2. By Lemma 2.15, each of Ab and Ba is a fan. Suppose that rM(Ab) = 4. Then
either b lies in the center of the fan, or Ab contains a triad of M , say T ∗. In the former case, λM\a,b(Ta) = λM(Ta) = 1, a
contradiction; in the latter case, the triad T ∗ is not closed inM , contrary to the fact thatM is internally 4-connected. So we
have rM(Ab) = 3. By symmetry, rM(Ba) = 3.
Now suppose that b is not the center element of the fan Ab. Then there exists k ∈ Ta such that S ∪ {k} is a triangle ofM .
By replacing (Ba, Bc)with (Ba ∪ {k}, Bc \ {k}), this reduces to the previous case 5.7.3 in which |Ab ∩ Bc | = 1. Similarly we get
that a is the center element of the fan Ba. 
The next result follows easily from 5.7.3 and 5.7.4.
5.7.5. If a and b are two N-deletable elements in a triangle T of M, then there exists a 4-element cocircuit C∗ of M with
{a, b} ⊂ C∗.
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Now, to prove Theorem 5.1, it suffices to prove that, subject to Hypothesis 5.7, neither case in 5.7.2 can occur.
First suppose that |E(N) ∩ Ab|, |E(N) ∩ Ba| ≤ 3 and |Ab ∩ Bc |, |Ac ∩ Ba| ≥ 2. Then by 5.7.4, we can assume that
Ab ∩ Ba = {g, f }, Ab ∩ Bc = {h, k}, and Ac ∩ ba = {i, j}, where {a, b, g, f } is a cocircuit of M and {a, f , i}, {a, g, j}, {b, f , h},
and {b, g, k} are triangles of M . Note that both b and h are N-deletable. By 5.7.5, there exists a 4-element cocircuit C∗ ofM
with {b, h} ⊂ C∗. SinceM is binary, exactly one of a and c belongs to C∗. If a ∈ C∗, then C∗ ∩ {g, j} ≠ ∅ and C∗ ∩ {f , i} ≠ ∅.
So |C∗| ≥ 5, a contradiction. Therefore c ∈ C∗. Since {g, f , h, k} is a circuit of M, |C∗ ∩ {g, f , k}| = 1. Since {a, f , i} and
{a, g, j} are both triangles, C∗ = {b, c, h, k}. By symmetry, {a, c, i, j} is a cocircuit of M . Now rM(Ab ∪ Ba ∪ {c}) ≤ 4 and
r∗M(Ab ∪ Ba ∪ {c}) ≤ 6. So Ab ∪ Ba ∪ {c} is 3-separating inM . Hence |E(M)| ≤ 9+ 3 = 12, contrary to the assumption that|E(M)| ≥ 13.
Now by 5.7.2 and symmetry, we may assume that Ab ∩ Bc = {e}. Then |Ab ∩ Ba| = 3 and Ab is a rank-3 fan ofM \ a. Let
Ab ∩ Ba = {f , g, h} where {f , b, e} is a triangle. Since b and e are both N-deletable, there exists a 4-element cocircuit C∗ of
M with {b, e} ⊂ C∗. Exactly one of a and c belongs to C∗.
First assume that a ∈ C∗. Let C∗ = {a, b, e, x}. Then {h, g, f , b, e, x} is a 6-element fan in M \ a. Since M \ a, h has an
N-minor, g is N-contractible, which in turn implies f is N-deletable. So {f , b, e} is an N-deletable triangle ofM , contrary to
Hypothesis 5.7.
So we may assume that c ∈ C∗ and a ∉ C∗. Let C∗ = {b, c, e, x}. Then x ∉ {a, f , g, h}. Since h is N-deletable, it suffices
to proveM \ h is weakly 4-connected. ClearlyM \ h is 3-connected. Let (X, Y ) be a meaty 3-separation ofM \ hwith f ∈ X
and g ∈ Y . Note that |X ∩ {a, b}| = 1 since neither g nor f is in the coguts of (X, Y ).
Case 1: a ∈ X and b ∈ Y .
Since h ∉ clM(Y ), e ∈ X . So b is in the guts of (X, Y ). Since c is not N-deletable, c is not in the guts of (X, Y ), and
hence, c ∈ X . Since M \ h is 3-connected, b is not in the coguts of (X, Y ), and hence, x ∈ Y . Since g is in the coguts of
(X ∪ {b}, Y \ {b}), Y \ {b, g} is 3-separating inM . SinceM is binary, Y \ {b, g} is a triangle ofM containing x, contrary to the
fact that {b, c, e, x} is a cocircuit ofM .
Case 2: a ∈ Y and b ∈ X .
First we assume that c ∈ Y . Then X \ {b, f } is a triangle of M and X is a 5-element rank-3 fan. Since M is binary, e ∈ X;
moreover, since X \ {b, f } is a triangle of M containing e and {b, c, e, x} is a cocircuit of M , we have x ∈ X . Note that
c ∈ cl∗M\h(X), a ∈ clM(X ∪ {c}), and g ∈ cl∗M\h(X ∪ {a, c}). So Y \ {a, c, g} is 3-separating in M . Thus |Y | ≤ 6. Hence
|E(M)| ≤ 6+ 5+ 1 = 12, a contradiction.
So we may assume that c ∈ X . Then Y \ {a, g} is a triangle of M and |Y | = 5. Since {b, c, e, x} is a cocircuit of M , either
{e, x} ⊂ Y or {e, x} ⊂ X . In the former case, X \ {b, c} is 3-separating in M , and hence, |X | = 5 and |E(M)| = 11, a
contradiction. In the latter case, we let Y = {a, g, w, y, z}where {a, g, w} and {w, y, z} are triangles ofM , and {g, w, y} is a
triad ofM \ h. Note that, {h, f , g, a, w} is a 5-element fan ofM \ b. By Lemma 2.10,w is N-deletable. By Lemma 5.7.5, there
exists a cocircuits C∗1 ofM with {a, w} ⊂ C∗1 . Since {a, b, c} and {w, y, z} are triangles ofM, |C∗1 ∩{a, b}| = |C∗1 ∩{y, z}| = 1.
So one of b and c is in the coguts of (X, Y ). Hence we have X \ {b, c, f } is 3-separating inM , and hence, |X | ≤ 6. Again, we
deduce that |E(M)| ≤ 5+ 6+ 1 = 12, a contradiction.
6. The internally 4-connected case
In this section, we prove the following theorem.
Theorem 6.1. Let N be an internally 4-connected properminor of an internally 4-connected binarymatroidM with |E(N)| ≥ 10.
If neither M nor M∗ is isomorphic to Dn,Dn \ f1,Dn, or Dn \ f1, then there exists e ∈ E(M) such that either M \ e or M/e is weakly
4-connected and has an N-minor.
A double-fan of length k, denoted (a0, . . . , ak, b0, . . . , bk, c1, . . . , ck), consists of sequences (a0, . . . , ak), (b0, . . . , bk), and
(c1, . . . , ck) of distinct elements of M such that {ai−1, ci, ai} and {bi−1, ci, bi} are triangles for each i ∈ {1, . . . , k} and
{ci, ai, bi, ci+1} is a cocircuit for each i ∈ {1, . . . , k− 1}; see Fig. 3.
Lemma 6.2. Let N be an internally 4-connected proper minor of an internally 4-connected binary matroid M with |E(N)| ≥ 10.
Let T = {a, b, c} be a triangle of M such that M \ a and M \ b have an N-minor while M \ c has no N-minor. Then
• There exists e ∈ E(M), such that M \ e or M/e is weakly 4-connected and has an N-minor;
• M has an N-deletable triangle or an N-contractible triad; or
• M is isomorphic to Dn,Dn,Dn \ f1, or Dn \ f1 for some integer n ≥ 4.
Proof. By Theorem 5.1, (a, c, b) is the central triangle of a quasi rotor (a, c, b, d, e, Ta, Tb, A). Note that, each of M \ d and
M \ e has an N-minor. So (d, c, e) is the central triangle of a quasi rotor, say (d, c, e, d′, e′, Td, Te, A′). By Lemma 4.3, there
exists a cocircuit C∗1 ⊆ Ta ∪ {a, c}. Since M is binary, |C∗1 ∩ Ta| = 2. So there exists x ∈ Ta \ {d} such that {a, c, d, x} is a
cocircuit ofM . By symmetry, there exists y ∈ Tc \ {e} such that {b, c, e, y} is a cocircuit ofM .
Since {c, d′, e′} is a triangle, |{d′, e′} ∩ {a, d, x}| = 1. Since d, e, d′, and e′ are distinct elements, |{d′, e′} ∩ {a, x}| = 1.
Suppose that x ∈ {d′, e′}. Then since M has no 4-point line, b, e ∉ {d′, e′}. Since |{d′, e′} ∩ {b, e, y}| = 1, {d′, e′} = {x, y}.
Now it is easy to check that rM(Ta ∪ Tb ∪ {a, b, c}) = 4, contrary to Lemma 4.3. Now we have {d′, e′} = {a, b}.
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Fig. 3. A double-fan of length 3.
Note that there exists x′ ∈ Td and y′ ∈ Te such that {a, c, d, x′} and {b, c, e, y′} are cocircuits ofM . SinceM is binary and
3-connected, we have x = x′ and y = y′.
Let Ta = {d, x, a0}, Tb = {e, y, a3}, Td = {a, x, b0}, and Te = {b, y, b3}. Then (a0, d, e, a3, b0, a, b, b3, x, c, y) is a double-
fan of length 3. Since both M \ e and M \ a3 have an N-minor, (e, y, a3) is the central triangle of a quasi rotor. Thus there
exists c4 ∈ E such that {y, a3, b3, c4} is a cocircuit and there exists triangles {a3, c4, b4} and {b3, c4, b4}. So we get a double-
fan of length 4. By repeating the above process, either we get a longer fan, or we have {a0, b0} = {ak, bk}. in which caseM is
isomorphic to Dn,Dn,Dn \ f1, or Dn \ f1. (Note that, if there exists z such that {a, d, z} and {b, e, z} are triangles, thenM \ z
is internally 4-connected; however,M \ z has no N-minor asM has no N-deletable triangles.) 
Lemma 6.3. Let N be an internally 4-connected proper minor of an internally 4-connected binary matroid M with |E(N)| ≥ 10
and |E(M)| ≥ 13. Let T = {a, b, c} be an N-deletable triangle of M. Then either
• M ∼= Dn \ f1 or Dn \ f1; or• One of M \ a,M \ b, and M \ c is weakly 4-connected; or
• There exists x ∈ E(M) such that M \ x is weakly 4-connected and has an N-minor.
Proof. By Theorem 4.4, we may assume that an ordering of T is the central triangle of a rotor, say (a, b, c, d, e, Ta, Tc, A, C).
Then {b, d, e} is an N-deletable triangle. So there exists a rotor (a′, b′, c ′, d′, e′, Ta′ , Tc′ , A′, C ′) where {a′, b′, c ′} = {b, d, e}.
Since |E(M)| ≥ 13, by an implicit result in [4], b = b′. By symmetry, we may assume that a′ = d and c ′ = e. An
argument similar to the proof of Lemma 6.2 shows that d′ = a, e′ = c , and there exists a double fan (a0, a1, a2, a3,
b0, b1, b2, b3, c1, c2, c3) with a1 = d, a2 = e, b1 = a, b2 = c , and c2 = b. Since {a2, a3, b2, b3, c3} is 3-separating in
M \ c3,M \ c3 is not weakly 4-connected. Since each ofM \a2 andM \a3 has an N-minor, wemay assume that neitherM \a2
norM \a3 is weakly 4-connected. So by Theorem 4.4, (a2, c3, a3) is the central triangle of a rotor. Nowwe can apply the same
argument as in Lemma 6.2 to prove that either we can construct a longer double-fan, orM is isomorphic to Dn \ f1 or Dn \ f1
for some n ≥ 4. (Note that, no triangle of M contains both a1 and b1: suppose otherwise. Let {a1, b1, z} be a triangle of M .
Then sinceM \ c2 has an N-minor,M \ z has an N-minor, it is straightforward to show thatM \ z is weakly 4-connected.) 
Now Theorem 6.1 follows easily from Theorem 5.1 and Lemmas 6.2 and 6.3.
7. The weakly 4-connected case
It is easy to see that Theorem 1.1 follows from Theorems 3.1 and 6.1 and the following theorem.
Theorem 7.1. Let M be a weakly 4-connected binary matroid, let N be an internally 4-connected minor of M with |E(N)| ≥ 10,
and let A be a 4-element 3-separating set of M. Then either
• there exists e ∈ A such that M \ e or M/e is weakly 4-connected and has an N-minor; or
• there exist c, d ∈ A such that M \ d/c is weakly 4-connected and has an N-minor.
We require the following results of Geelen and Zhou [4, Lemma 4.2, Theorem 4.3].
Lemma 7.2. Let M be a weakly 4-connected matroid, let A be a 4-element 3-separating set with rM(A) = 3, and let c ∈ A such
that M/c is simple and c ∉ clM(E(M) − A). Then M/c is 4-connected up to separators of size 5. Moreover, if X is a 5-element
3-separating set of M/c, then |X ∩ A| = 1.
Theorem 7.3. Let M be a weakly 4-connected matroid and let A be a 4-element 3-separating set. Then either
• there exists e ∈ A such that M \ e or M/e is weakly 4-connected,
• there exist e, f ∈ A such that M/e \ f is weakly 4-connected, or
• |E(M)| = 12 and there is a partition of E(M) into three 4-element 3-separating sets.
X. Zhou / Discrete Mathematics 312 (2012) 2375–2387 2387
Proof of Theorem 7.1. First note that, by Theorem 1.2 and Lemma 2.12, we may assume that |E(M)| ≥ |E(N)| + 3 ≥ 13.
SinceM is binary, rM(A) = 3. It is routine to check that there exists c ∈ A such thatM/c is simple and c ∉ clM(E(M) − A).
By duality, we may assume that M/c has an N-minor. So we can assume that M/c is not weakly 4-connected. Now by
Lemma 7.2, M/c is 4-connected up to separators of size 5 and there exists a 5-element 3-separating set X of M/c with
|X ∩ A| = 1. Let f ∈ X ∩ A. Note that X is fully closed and f is in the guts of (X, E(M) − X ∪ {c}). By Lemmas 2.8 and 2.10,
M/c \ f is 3-connected and has an N-minor. Hence we may assume thatM/c \ f is not weakly 4-connected. Now for each
x ∈ A− {c, f }, since |E(M)| ≥ 13 and X is 3-separating inM/c \ x,M/c \ x is not weakly 4-connected. SinceM is binary, it
is straightforward to check that, for every pair {e, f } ⊂ A,M/e \ f is not weakly 4-connected. By Theorem 7.3, there exists
e ∈ A and a matroid M ′ ∈ {M \ e,M/e} such that M ′ is weakly 4-connected. Note that M/c \ f is a minor of M ′. Therefore
M ′ has an N-minor. 
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